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IGOR M. KRICHEVER AND OLEG K. SHEINMAN 

Abstract. In this paper we develop a general concept of Lax operators on algebraic 
curves introduced in PQ . We observe that the space of Lax operators is closed with respect 
to their usual multiplication as matrix-valued functions. We construct the orthogonal 
and symplectic analogs of Lax operators, prove that they constitute almost graded Lie 
algebras and construct local central extensions of those Lie algebras. 



1. Introduction 

A general concept of Lax operators on algebraic curves was proposed 
by one of the authors in [lj, where the theory of conventional Lax and 
zero curvature representations with the rational spectral parameter was 
generalized on the case of algebraic curves T of arbitrary genus g. The 
linear space of such operators associated with an effective divisor D = 
Y2k n kPk) Pk £ r was defined as the space of meromorphic (n x n) matrix- 
valued functions on T having poles of multiplicity at most at the points 
Pfc, and at most simple poles at ng points 7 S more. The coefficients of the 
Laurent expansion of those matrix-valued functions in the neighborhood of 
a point 7 S had to obey certain linear constrains parametrized by the point 
a s of a certain projective space (see relations (12. II )- ( 1^751 ) below). 

According to |T2] . the generic sets (7 S , a s ) parameterize stable rank n 
degree ng framed holomorphic vector bundies B on T. In [1] it was no- 
ticed that the requirements on the form of Lax operators at the points 
7 S mean that these operators can be seen as meromorphic sections of the 
bundie End(B) with D as the divisor of poles. As an easy consequence 
of this remark, we have that Lax operators having poles of arbitrary or- 
ders at the points Pk form an algebra with respect to the usual pointwise 
multiplication. 

In the simplest case of two marked points, D = P + + P_, this enables us 
to define in the algebra of the corresponding operators an almost graded 
structure generalizing the graded structure of the classic affine algebra 

gl(n). Recall that a Lie algebra V is called almost graded if V = ©V^ where 
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dim V t < oo and [V h V 3 ] C 



k=i+j+k± 
k=i+j-k 



Vk where ko and k\ do not depend on 



A general notion of almost graded algebras and modules over them was 
introduced in [3] -|5] where the generalizations of Heisenberg and Virasoro 
algebras were introduced. In the series of works, see [TT] for the review, 
the almost graded analogues of classic affine Lie algebras, called Krichever- 
Novikov (KN) current algebras, were investigated. It is natural to consider 
the algebra of Lax operators having poles at two points as a generalization 
of the KN 0[(n)-algebra. 

A central extension of V is called local if it is an almost graded Lie algebra 
itself. Local central extensions are given by local 2-cocycles. A 2-cocycle 7 
is called local if a K G Z exists such that j(Vi, Vj) = for > K. The 

notion of local cocycle is introduced in f3] . In the same place its uniqueness 
was conjectured and the proof for the Virasoro- type algebras was outlined; 
a complete proof is given in P, [TD] . The locality condition is important in 
consideration of analogues of highest-weight representations. 

To construct the orthogonal and symplectic analogues of Lax operators 
is the main goal of the present paper. In these cases, the Lax operators 
do not form any associative algebra, they only form a Lie algebra. For 
all classic Lie algebras q the corresponding Lax operator algebras can be 
considered as a "twisted" version of the Krichever-Novikov current algebras 
and loop algebras. 

In Section [2] we prove the multiplicative properties of g((n)-valued Lax 
operators, introducé g-valued Lax operators for q = so(n) and q = sp(2n) 
and prove that they are closed with respect to the pointwise bracket. 

In Section EU we establish the almost graded structure on Lax operator 
algebras, and show that dim Vj = dim q, as for KN algebras. 

In Section H[ on every type of a Lax operator algebra, we define a 2- 
cocycle and prove its locality. 

Authors are thankful to M.Schlichenmaier for his fruitful criticism. 



2.1. Lax operator algebras for Ql(n) and sl(n). Following JT], call by 
a Lax operator with the Tyurin parameters {o; s , 7 s |s = 1, . . . , gr} a Ql(n)- 
valued function L on T, holomorphic outside P± and {7 s |s = 1, . . . , gr}, 
having at the latters at most simple poles: 



2. Lax operators and their Lie bracket 





z - z s 
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and such that 

(i) L s -i = ag/31 where /3* is a row, and 

(2.2) tr L.-! = fia, = 0, 

where a s G C n is fixed, /3 S G C n is arbitrary, and the upper t denotes a 
transposed matrix. In particular, L s -\ has rank 1; 

(ii) a s is an eigenvector of the matrix L s q. 

(2.3) L s0 a s = k s a s . 



Lemma 2.1. Let L' and L" satisfy the conditions ( fff. 1\) - {[£7B) . Then L = 
L'L" also satisfies them. 

Proof. From (12.11 ) we have 

Tl Til Tl Til | Tl Til 

(2 4) L = | 1 s{) 1 s0 1 



Z S ) 2 {Z ~ Zg) 

+ ü s ,-iKi + + + 0(1). 

From (12.21 ) for L' it follows that the first term vanishes: 

L 's,-i L ",-i = a s (f3' s t a s )f3f = 0. 

For the second one we have L Sj _i = L' 8 _ X L" 8 § + L / s0 L' s / _ 1 = a s {f3' s t L" s q) + 
(L' sQ a> s ) (3'f . By (12.21 ) for L' it follows L' s0 a s = /c(,a s , hence L s _i = a s /3^ 
where $ = ^L"^ + fc^f . Further on, trL s _i = (/^L' s ' + k' s (3f)a s = 
K^a s + = 0. 

Consider the expression L s $a s , where L s o = L' s _ 1 L / s / 1 + L / s0 L / s / + L / sl L"_ 1 . 
From the definition of the Lax operators it follows that L^ / _ 1 a s = and 
L' s0 L" a s = k' s k"a s . We also have L' s ^L'^ag = a s ((3' s L'^ag). Hence a s 
is an eigenvector of the matrix L s q with the eigenvalue k s = f3'* L' s \a s + 

KK- ' □ 

Since the conditions ( l2.ip .( l2T2l ) are linear, the Lax operators constitute 
an associative algebra, hence the corresponding Lie algebra. The latter is 
called Lax operator algebra. 

If the function L, besides (12.11 ) — (12.31 ). satisfies the condition trL = 0, 
it is called an si(n)-valued Lax operator. Such Lax operators form a Lie 
algebra. 

2.2. Lax operator algebras for so(n). For the elements of this Lie al- 
gebra we have X 1 = —X. We introducé the matrix-function L taking 
values in so(n) by the same expansion as in the Section 12.11 but change 
the requirement (i) of that section for the reason that there is no rank one 
skew-symmetric matrix, and change accordingly the requirement (ii). We 
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omit the index s for brevity and write down the expansion (12.11 ) in the 
form 

(2.5) L = — + L + O(z) 

where Lq, Li, . . . are skew-symmetric. Instead the condition (i) of Sec- 
tion 12.11 we require 

(2.6) L_i = aft - (3a* 
where a G C n is fixed, (3 G C n is arbitrary and 

(2.7) a l a = f3 t a(= a l ft = 0. 
Likewise ( 12.31 ) we require 



2.8) Loa = ka 



for some complex nmnber k. 

We will prove now the closeness of the space of Lax operators with respect 
to the Lie bracket in case of q = so(n) in question. We stress that there is 
no structure of associative algebra in this case. 



Lemma 2.2. The properiies ( fff. <5p — S\) are invariant with respect to the 
Lie bracket. 

Proof. 1). First, prove the absence of the term with z~ 2 . The corresponding 
coëfficiënt is equal to 

[L_ h L'_J = [aft - Pa\ aft 1 - fta 1 } 

= (ft a) (aft 1 - fta 1 ) - (a l a)(ftft - (3 f3 n ) - (a* ft) (aft - (3a*). 

It vanishes due to ( 12.71 ) (applied to both f3 and ft). We stress that for the 
product L_iL'_ 1 the term with z~ 2 does not vanish. 

2). Now calculate the term with z^ 1 in the product LL' . The coëfficiënt 
is equal to 

L-iL'o + UL'_ X = a(ftL' ) - /3(a*L' ) + (L a)P n - (L Q ft)a l 
= a(ftL f ) - ft-k'a 1 ) + kaft 1 - (L^a 1 
= a(ftL' + kft 1 ) - (L ft - k'fta 1 
(here we used the relation ( 12.81 )). We see that it is not of the required form 



( 12.61 ). Now consider the corresponding term of the commutator of L and 
L'. Then we obtain 

[L, L'] = a(ftL' - ft l U + kft 1 - k' ft) - (L ft - L' (3 - k'(3 + kft)a l 
= aft' 1 - fta 1 
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where /3' ft = ftL' - ft l L + kft 1 - k'ft. 
It is easy to check that ft' satisfies (12.71 ). 

3) Check the requirement ( 12.81 ) on the eigenvalue of the degree matrix 
coëfficiënt (LL')q = L-\L\ + LqL' + L\L'_ X . 
By ( 12.71 ) L'_ x a = 0, hence for the third term we have L\L'_ x a = 0. 
For the first term we have 

L^L[a = (a/3* - fia l )L\a = a{ftL[a) - fiföL^a). 

The last term on the right hand side of this equation vanishes due to skew- 
symmetry of L[. 
Thus 

(2.9) {LL') a = k"a where k" = ft L[a + kk' '. 

□ 

2.3. Lax operator algebras for sp(2n). For the elements of the sym- 
plectic algebra we have X 1 = —aXa^ 1 where a is a nondegenerate skew- 
symmetric matrix. 
Take the expansion for L in the form 

(2.10) L = + _zi + Lq + Ll z + L 2 z 2 + 0(z 3 ) 

z z z 

(again, we omit the index s for brevity) where L_2, L_i, Lq, Li, . . . are 
symplectic matrices, and 

(2.11) L_ 2 = zWo-, L_i = {aft + ^)(j (i/eC, /3 e C 2n ). 
Likewise ( 12.71 ) we require 

(2.12) ftaa = 0. 

Notice that otaa = due to the skew-symmetry of the matrix a. 
Further on, we require 

(2.13) Lq« = ka 

for some complex number k. 
We impose a new relation 

(2.14) otoLxOL = 0. 

Prove now that the space of Lax operators is closed with respect to the 
Lie bracket in the case q = sp(2n) in question. We stress that also in this 
case there is no structure of associative algebra. 



Lemma 2.3. The properties 112. 1 Q) — {2. 14\) are invariant with respect to 
the Lie bracket. 
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Proof. Let L" = [L, L']. 

1) The absence of the terms of orders —4 and —3 in z in L" follows from 
the relations f3 t aa = 0, aVa = ( 12.121 ) only. 

2) For the order —2 term we have: 

L"_2 = {y'k — vk' + f3 t af3')aa t a, 

hence it has the form required by the relation (12.111 ) (here and below v' ', 
f3', L[ have the same meaning for L' as v, f3, Li for L). 

3) The form of the order —1 term: a straightforward calculation using 
CJDD, (EU) gives 

L"_i =a{y ■ oïoL\ - v' ■ a t aL 1 + f3 t aL' - p n aL + k/3 n a - k'fia) 

+ {—vL\a + v'L\a — L' Q {3 + Lq/3' + — k' f3)a t a. 

Denote the second bracket by (3" . Then the relations L\ = —aLia^ 1 , 
Lq = —ctLq(j~ 1 (obeyed by symplectic matrices) imply that the first bracket 
is equal to f3" 1 o. Hence 

L"_ x = (a/3 m + ^Vja, 

where 

f3" = — vL\a + v' L\a — L' Q f3 + L Q f3' + kf3' — k' f3. 

Prove that f3" 1 aa = 0. Making use of the above expression for f3" 1 a we 
find 

f3" t aa = v ■ oloL\ol — v' ■ oloL\ol + f3 t aL' a — f3 n (jLoa + k(3' t aa — k' f3 t aa. 

The first two terms of the just obtained expression vanish by the relation 
( 12.141 ) applied to L and L' . To the second pair of terms, we apply the 
relations L$a = ka and L' a = k'a, after that all remaining terms vanish 
by the relations ( 12.121 ). 

4) . Prove the relation ( 12.131 ) on the eigenvalues of the degree zero term. 



By defmition, 

(LL')o = vaotaL' 2 + (aft* + f3a t )(rL / 1 + L L' + L x (af3 rt + f3'a t )(7 + v 'L 2 aa t a. 

The last pair of terms obviously vanishes having been multiplied by a from 
the right. We obtain 

(LL')oa = vaofoL'^OL + a(3 t aL' l a + f3a t aL[a + kk'a. 

The third summand is equal to by ( 12.141 ). Thus a is the eigenvector for 
a zero degree term even in the product LU: 

(LL')oa = a{y ■ OLoL' 2 a + f3 t aL' 1 a + kk'), 
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and in the commutator we obtain 

(2.15) Lqö = a{y ■ otall 2 o. - v' ■ a t aL 2 a + ftaL^a - (3 ft aLia). 

5). Conservation of the relation o^üL\ol = in the product and commu- 
tator. 

For the product, by defmition 

(LL')o = L_2-^3 + L-iL'2 + LqL\ + L\L'q + L 2 L'_ 1 + L^L'_ 2 . 

Replacing here L_2, L'_ 2 , L-i, L'-i by the known expressions obtain 

aV(LZ/)oa; = v{a aa)a aL' s a + ( y {a t aa)f3 t + (a t af3)a t ) oL' 2 a 
— k(a t aL[a) + k(a aLia) 

+ a aL 2 ( y a(f3' t aa) + (3'(a o~a)) + u'a t aL^a(a t aa). 
By the relations (12. 111 )- ( 12. 141) this expression vanishes. □ 

3. Almost graded structure 

In this section we consider the following cases: q = sl(n), q = so(n), 
q = sp(2n), and, to conclude with, q = Ql(n) which is somewhat special 
case with respect to the almost gradeness. A general defmition of the 
almost graded structure is given in the introduction. Denote by g the Lax 
operator algebra corresponding to g. 

For all above listed algebras g, except for QÏ(n), and m G Z let 

&m = {Leg |(L) +£>>()}, 
where (L) is a divisor of the 0-valued function L, for q = sl(n), q = so(n) 

ng 

D = -mP+ + (ra + g)P- + ^ 7 S , 

and for 3 = sp(2n) 

ng 

D = -mP + + (ra + #)P_ + 2 ^ 7 S . 

s=l 

We call m £/ie (homogeneous) subspace of degree m of the Lie algebra g. 



LAX OPERATOR ALGEBRAS 



8 



Theorem 3.1. Forg=si(n), so(n), sp(2n) 
1°. dim g m = dim q. 

oo 

2°- 0=0 Qm- 

m=—oo 

k+l+g 

3°. [öfc,0z] C 

m=fc+/ 

Proof. First prove 1°. For an arbitrary Lie algebra £j, the Riemann-Roch 
dimension of all g-valued functions L satisfying the relation (L) + D > 
is equal to (dim Q)(ng + 1). For g = sp(2n) it is equal to (dimg)(2ng J r 1). 
We will prove that for q = sl(n), q = so(n) and an arbitrary m G Z, there 
are exactly dimg relations at every pole j S: and for q = sp(2n) the nmnber 
of those relations is 2dimg. This will mean that dimg m = dimg. 

Consider first the case q = sl(n). The elements of the subspace Q m satisfy 
certain conditions of three kinds coming from (12.21 ). ( 12.31 ): on the residues, 
eigenvalues and traces of the matrix L £ g ra , as follows: 
1) at every weak singularity, L_i = af3 l which would give dimg relations 
(since L \ G q) if the right hand side was fixed. But the latter depends 
on the free n-dimensional vector f3. Hence we have dimg — n conditions at 
every one of the ng simple poles 7 S ; 

2) at every weak singularity Lqoi = ka which gives n conditions. Taking 
account of one free parameter k we obtain n — 1 condition at every 7 S ; 

3) we also have trL = 0, i.e. one more relation at every weak singularity. 
Thus we have (dimg — n) + (n — 1) + 1 = dimg relations at every j s , as 

required. 

For q = so(n) we follow the same line of arguing. Again, the relation 
L_i = aft — [3a 1 ( 12.61 ) gives dimg — n equations, the relation Loa = ka 
( 12.81 ) gives n — 1 equation, and fta = ( 12.71 ) gives one more equation. 
Summing up, we obtain dimg equations at every point 7 S . 

In the case q = sp(2n) at every point 7 S we have the following conditions: 

L_2 = vaa 1 : dimg — 1 conditions (one free parameter v) 

L_i = (aft + f3a t )a : dim Q — 2n conditions (2n free parameters ft) 
Li^a = ka : 2n — 1 conditions (one free parameter k) 

ftoa = 0, a t oL\a = : 2 conditions, 

i.e. 2dim£j conditions at every one of the ng points, as required. 
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For m > and m < —g the subspaces Q m are linear independent for the 
obvious reason: the orders at P± of the elements of those subspaces are 
different for different m. 

For —g < m < the linear independence of g m follows from the fact 
that there are no everywhere holomorphic Lax operators. We would like 
to emphasize that the last argument applies only to the case of simple Lie 
algebras. That explains why the case of the reductive Lie algebra Ql(n) 
requires some modification (see below). 

The statement 3° of the theorem follows from the consideration of orders 
at the points P±. □ 

The Theorem 13.11 defines an almost graded structure on g. 

Consider now the case q = Ql(n). In this case q contains the subspace of 
functions taking values in the 1-dimensional space of scalar matrices. Let 
L be such function. By (12.21 ) we obtain trL_i = 0. Since L_i is scalar, we 
obtain L i = 0. Hence, L is holomorphic except at P±. Let A denote the 
algebra of meromorphic functions on T holomorphic except at P±. Then 
L G A ■ id where id is the unit matrix. Therefore, 



In [B|, there was introduced a certain base {A m } (later called the Krichever- 
Novikov base) in the space of such functions. Denote A m = CA m and set 
0Ï( n )m = s K n )m © (A m ■ id). For m > and m < —g this definition is 
equivalent to the above given definition of Q rn (with g = Qi(n)). 

With Q m = QÏ(n) m , the Theorem |3JJ remains to be true for q = Ql(n), 
as it follows from (13.11 ). The relation 3° of the theorem holds with the 
different upper limit of summation determined by the algebra A (see |3|). 

4. Central extensions of Lax operator algebras 

4.1. Central extensions for the Lax operator algebras over £j((n). 

The conventional expression for the 2-cocycle giving a central extension 
for Krichever-Novikov current algebras (in particular, loop algebras) is 
tr resp + LdL'. For those algebras the cocycle is local. A cocycle x is 
called local |3| if the constants //, fi" exist such that x(öm,0m') = unless 
n' < m + m' < fi" where g m , Q m > are homogeneous subspaces introduced in 
the previous section. In case of Lax operator algebras the above cocycle is 
by no means local. In this section we improve it in order to obtain a local 
cocycle. 

For every operator L the eigenvalue k of its zero degree component Lq 
(see (12.31 )) can be considered as a linear functional of L. We denote this 
functional by k(L). 



(3.1) 
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Lemma 4.1. At every weak singularity, the one-form tr LdL' has at most 
simple pole and 

(4.1) res tr L dL' = k([L } L'] ) . 

Proof. Calculate both parts of the relation explicitly. 
1) Using 



AT' ^ . T' 
dL = — + L 1 + 



z 2 



and ( 12.11 ) we obtain 



r . aftap* Loaft 1 L x aft l - aftL' 
LdL = = ^ h 



z 3 z 2 z 



The first term vanishes since f3 l a = 0. The second term vanishes imder the 
symbol of tracé, since L$a = ka, and tia/3'* = (3 n a = 0. The third term 
gives us the required residue. We have 

res tr L dL' = tr {a/3% - L x afi n ) = $ l L\a - ft l L x a. 

2) Now calculate the right hand side of the relation in question. De- 
note by [L, L']q the zero degree coëfficiënt of the expansion ( 12.11 ) for the 
commutator [L,L']. We have 

[L,L'} Q = afi t L\ + LqL' q + L\a$ l 
-af3' t L l - L' L - L\aft. 

Multiply both parts of this relation by a from the right hand side. Then 
the third terms in every row vanish since they contain the factors /3'*a, fta 
which are zeroes by ( 12.21 ). The second terms annihilate since L^L'^a = k'ka 
and L' Loa = kk'a. Hence 

[L, L'] a = aftL[a - afL x a = a{ftL[a - /3%a). 

The expression in brackets is a 1 x 1-matrix, that is a complex number. 
Certainly, this complex number is the eigenvalue of [L,L']q on the vector 
a, i.e. k([L, L']). lts value exactly meets the above resulting expression for 
tr res L dL' , which completes the proof. □ 

We want to eliminate the singularities of the 1-form tr LdL' at 7 S by 
subtracting another expression for the eigenvalue on the right hand side 
of ( 14.31 ). Remarkably, we are able to give this new expression in terms of 
connections in the holomorphic vector bundies on T, given in explicit form 
in [2]. In what follows, C denotes the 1-form of such connection. 
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Lemma 4.2. Let C be a matrix-valued 1-form such that locally, at a weak 
singularity, 

C = £_i h Codz + . . . , 

z 

and C satisfies the similar requirements as L (see §EJl) )- §KM) ), with the 
only one modification: fta = 1 where C-i = aft 1 . Then the 1-form ivLC 
has at most simple pole at z = and 

res tr LC = k(L). 

Proof. We have 

r <*P r n {<*ft n 

L = -j- + L + . . . , C = ( — + Co + . . . | dz, 



hence 



L f , _ aftaft aftCp + L aft ^ 

z 2 z 



As above, the first term vanishes. For the second term we have 

res tr LC = tr (aftC + L aft) = ftC a + ftL a. 

Further on, C$a = ka, Lga = ka, hence ftC^a = kfta = and ftL^a = 
kfta = k. This completes the proof. □ 



Theorem 4.3. For every C satisfying the conditions of the Lemma \4-2 
the 1-form tr (LdL' — [L, L']C) is regular except at the points P±, and the 
expression 

7(L, L') = res P+ tr (LdL' - [L, L']C) 
gives a local cocycle on the Lax operator algebra. 

Proof. In course of proofs of the Lemma 14.11 and the Lemma 14.21 we have 
seen that the 1-forms tv LdL' and tr [L,L']C have simple poles at every 
point 7s, and their residues are equal to the same quantity k s ([L,L']). 
Hence, their difference is regular at every j s . 
Assume, at the point P + we have 

oo oo oo 

(4.2) L(z) = ^a lZ \ L'(z) = J2 b j z ^ C ( z ) = Yl c ^ dz - 

i=m j=m' k=m+ 

Then 

L(z) dL'(z) = J2 ( ^2 ja.bA z^dz, 

p=m+m' \i+j=p / 
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and 



oc 



[L(z),L'(z)]C = E \ a iMck UHz. 

p=m+rn'+rn + \i+j+k=p I 

In order one of these 1-forms had a nontrivial residue at the point P + it is 
necessary that either m + m' < or m + m' + m + < — 1, in other words 

m + m' < max {0, —1 — m + }. 

If L and L' are homogeneous of degrees m, m' then at the point P 
their expansions (similar to ( 14.21 )) begin with i = —m — g, j = —m' — g, 
respectively. The expansion for C begins with some integer m_. Hence the 
condition at P_ looks as follows: 

—m — m' — 2g < max {0, — 1 + m_}. 

Finally, we obtain 

min {0, 1 — mJ] — 2g < m + m' < max {0, —1 — m + }. 

Since m± are fixed (C is fixed), the latter exactly means that the cocycle 
is local. □ 

4.2. Central extensions for the Lax operator algebras over so(n). 
We keep here the same line of arguing as in the previous section. 

Lemma 4.4. At every weak singularity, the one-form tr LdL' has at most 
simple pole and 

(4.3) tqs ti L dL' = 2h([L,L'\). 
Proof. 1) Using ( 12.51 ) and the relation 

dl! = -L'_ lZ - 2 + L[ + . . . , 
where L'_ l is given by ( 12.61 ). we obtain 

(4.4) LdL' = - ^ - LlL ~ 1 - L - lL[ + . . . . 

z 6 z l z 

For the first term we have 

The first two smnmands vanish due to ( 12.71 ). For the remainder, we have 

tr (L_iL / _ 1 ) = tr {-aftfia 1 - Pafp'a*) = -(da) ft ft - {a t (5)a t p' 

which again vanishes due to ( 12.71 ). 

Again (as in Section 14.11 ) the term containing z~ 2 vanishes under the 
symbol of tracé. By defmition, 

LqL'^ = L {aP n - pa*) = ka(3 n - Ltf'aK 
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Now observe that tr (L^fta 1 ) = tr(a*Lo/3') and a l Lo = —ka 1 . Hence 
tr (LqL 1 ^) = 2ka t ft which vanishes due to (12.71 ). 
The third term in (14.41 ) gives us the required residue. We have 

res LdL' = (L_ 1 L' 1 -L 1 L'_ 1 ). 

Substituting L_i, L'_i from (12.61 ). we have 

res L dL' = aftL[ - (3a* L[ - L\aft l + L 1 (3'a t 

hence 

tr res LdL' = ftL[a - a l L'^ - ft l L x a + a t L 1 (3'. 

Due to the skew-symmetry of matrices Lj, L[ the first two smnmands of 
the last relation are equal, and the same about the last two summands. 
Hence 

tr res LdL' = 2(ftL[a - /3%a). 

From (12.91 ) obviously follows that [L, L']oa = ftL[a — ft l L\a which proves 
the lemma. □ 

Lemma 4.5. Let C be a skew- symmetrie matrix-valued 1-form such that 
locally, at a weak singularity, 

L = £_i h Codz + . . . 

z 

where £_i = aft — [3a 1 , fta = 1 and C$a = ka. Then the 1-form ii LC 
has at most simple pole at z = and 

res trL£ = 2k(L). 

Proof. The coëfficiënt of the degree —2 term in the product LC is equal, 
by definition, to 

(a/3* - 13a*) (aft - (3a 1 ) = a(fta)ft - aft fta 1 - fta 1 a) ft + /fo'/fo'. 



The first and the third terms vanish due to (12.71 ). For the tracé of the 
remainder we have 

tr (-a(3 t (3a t + fia^a 1 ) = -(atyftjS + (a t (3)a t ^ 

which vanishes for the same reason. 
Multiplying expansions for L and C we find 

tr res (LC) = tr (L_i£ + L £-i) = tr (a/3* - (3a t )C + tv L (aft - (3a l ). 

For the first summand we have 

tr (aft - (3a t )C () = tr (aftC - /3a*£ ) = ftC a - a l C^. 
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Observe that, by skew-symmetry, = —ftCoa, hence 

tr (aP* - /3a*)£o = ftCoa - d C$ = 2p l C Q a = 2k(3 t a 

which vanishes due to (12.71 ). 
For the second summand we have 

trL (a£* - = tr (Loa/3* - L /fo*) = p l L a - c/L /3. 

Since Lqoi = ka, a t L§ = —ka 1 and f3 1 a = a*/3 = 1 we obtain 

tiL (aj3 t -j3a t ) = 2k. 

□ 

Theorem 4.6. For ever?/ £ satisfying the conditions of the Lemma \4-5 



the 1-form tr (LdL' — [L, L']C) is regular except at the points P±, and the 
expression 

7 (L, L') = res P+ tr {LdL' - [L, L'}£) 
gives a local cocycle on the Lax operator algebra. 

The proof is quite similar to the proof of the Theorem 14.31 It relies only 
on the absence of residues of the 1-form defining the cocycle at the weak 
singularities. 

There is a certain ambiguity in the defmition of C in Lemma 14.51 For 
example, we could require that C-\ = aft 1 and take LdL' — 2[L,L']jC in 
the Theorem 14,61 

4.3. Central extensions for the Lax operator algebras over sp(2n). 
We keep the same line of arguing as in the previous sections. First, prove 
the following analogue of the Lemma 14.41 

Lemma 4.7. At every weak singularity the 1-form tr LdL' has at most 
simple pole, and 

(4.5) restrLdL' = 2fc([L,L']). 



Proof. A straightforward calculation of LdL' based on the expansion (12.101 ) 



shows that the terms with and z -4 of that matrix-valued 1-form are 
equal to by the relations (12.121 ). 
For the term with z~ 3 we have 

(LdL')_ 3 = - 2v')aa t o. 

This expression vanishes under the symbol of tracé: 

tr (LdL') - 3 = - 2v')(a t aa) = 0. 
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Similarly, using (I2.12I )-( |2~.14I ) we have 

ti(LdL')- 2 = v(a l uL\a) - 2k($ t aa) - v\otaL x a) = 0. 

Thus, the 1-form tr LdL' indeed has at most simple pole at the point in 
question. A straightforward calculation results in 

tr (LdL')_i = 2(v • a t aL' 2 a — v' ■ cÏoL^ol + fi l oL\a — (3 n aLia) 

which exactly coincides with the doublé expression (12.151) for k([L, L']). □ 

Lemma 4.8. Let C be a g-valued 1-form such that locally, in the neighbor- 
hood of any weak singularity, 

dz 

C = £_i h Codz + . . . 

z 

where C-\ = (a/3 1 + fia l )o , f5 l aa = 1, C$a = ka a t aC\a = 0. Then the 
1-form ti LC has at most simple pole at z = 

res trL£ = 2k(L). 

Proof. The expansion for LC begins with z~' è . We have 

tr(L£)_ 3 = u0 t aa)(a t aa) = 0, 

tr(L£)_ 2 = u(a t a^)(a t aa) + (0*00) (aVa) + (aV^)(aV/3) = 0. 

Thus, the 1-form tr LC indeed has at most simple pole at the point in 
question. The calculation of the residue results in 

tr (ZX)-i = v • oluCxol + ^a(Coa) + (aV£ )/3 + ^V(L a) + (a t aL )^. 

By assumption of the lemma, a t aC\a = 0, Cqcx = ka. The last implies 
also that a t oC§ = —ka t o. For this reason 

tr {LC)-! = ^a(L a) + (aVL )/5. 

By the relations L a = ka, a f aL = —ka t o we have 

ti (LC)-! = 2k(j3 t aa) = 2k. 

□ 

As above, the last two lemmas imply 



Theorem 4.9. For every C satisfying the conditions of the Lemma \4-8 



the 1-form tr (LdL' — [L, L']C) is regular except at the points P±, and the 
expression 

7 (L, L') = res F+ tr (L dL' - [L, L']C) 
gives a local cocycle on the Lax operator algebra. 
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